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ABSTRACT 

We calculate the absorption probabilities for a class of massless fields whose linear 
perturbations leave the near-extremal D3-brane background metric unperturbed. It has 
previously been found that, for extremal D3-branes, these fields share the same absorption 
probability as that of the dilaton-axion. We find that these absorption probabilities diverge 
from each other as we move away from extremality. The form of the corresponding effec- 
tive Schrodinger potentials leads us to conjecture that the absorption of various fields by 
nonextremal D3-branes depends on the polarization of angular momentum. 
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1 Introduction 



Over the past few years, there has been much work done on the scattering of fields due the 
curved backgrounds of p-brane configurations of M theory and string theory j^, ^, ^, ^, ^, 
|6|, 1^, |8|, |9|, |l^, |l^]. Most of this research has focused on the scattering of minimally-coupled 
massless scalar fields, though there has been some work on fermions [^], two- form fields 
and massive scalars [^]. The absorption probabilities of various linear field perturbations 
for which the ten-dimensional metric is left unperturbed have been calculated for extremal 
D3-branes |15]. It has been shown, through the analysis of wave equations in Schrodinger 



form, that certain half-integer and integer spin massless modes of the extremal D3-brane 
have identical absorption probabilities which implies that such fields couple on the 
dual field theory to operators forming supermultiplets of strongly coupled gauge theory. In 
an effort to enhance our understanding of non-BPS states, the present paper continues this 
study for non-extremal D3-branes, which have already been probed in the near-extremal 
case by minimally-coupled massless scalars |17, |l8|. 



Our discussion is organized as follows. In section II, we present the wave equations 
for various linear field perturbations in a non-extremal D3-brane background, for which 
the ten-dimensional metric is left unperturbed. In section III, we calculate the low-energy 
absorption probabilities for these field perturbations in the background of near-extremal 
D3-branes, using a method that was initially applied to a minimally-coupled scalar probe 



|17, 18|. In section IV, we provide concluding remarks. 



2 Effective potentials 

The D3-brane of type IIB supergravity is given by 

dslo = H-^/^{-fdt^ + dxl + dxl + dxl)+H^^\f-^dr^ + r^dnl), (2.1) 
G(5) = d'^xAdH-^ + *{d^xAdH'^). 

where H = 1 + ^ and / = 1 — R specifies the D3-brane charge and is the non- 
extremality parameter. The field equations are 

/? — --F TpPtTTK ^2 2^ 



1 I I I I I 

F = —e I , , , ,F^ " 

^upcTT ^upaTfj. V p a T ' 

2i 



D'^d^.B = 0, 
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where a dot above a symbol for a field denotes its background value. We study the wave 
equations for linear perturbations that leave the ten-dimensional background metric unper- 
turbed. Deriving the radial wave equations in the background of non-extremal D3-branes 
is a straightforward generalization of what is done in |15] for the extremal case. 

2.1 Dilaton-axion 

The dilaton and axion are decoupled from the D3-brane in type IIB theory, satisfying the 
minimally-coupled scalar wave equation 

1 



--df,^g>'''d,^ = 0. (2.3) 

Thus, the radial wave equation of a dilaton-axion in the spacetime of a non-extremal D3- 
brane is given by 

where i = 0,1, .. 

We shall express the wave equation in Schrodinger form, and study the characteristics 
of the Schrodinger effective potential. By the substitution 

^ = ^-5/2^-1/2^^ (2.5) 



we render ( |2.4| ) in the Schrodinger form 



(^3 - ■^eff)V' = 0, (2.6) 



where 

ii + 3/2){i + 5/2) (/-!)(-/ + 16) 
Vesifi) - -j^H + j-^ + . (2.7) 

Factors that are shared by the incident and outgoing parts of the wave function cancel out 
when calculating the absorption probability. Thus, the absorption probability of (p and ijj 
are the same. 

Technically, V^s cannot be interpreted as an effective potential, since it is dependent on 
the particle's incoming energy. However, this is of no consequence for our analysis of the 
form of the wave equations for various particles. 

2.2 Scalar from the two- form 

For the free indices of the two- form taken to lie along the S^, the radial wave equation is 
fH d fr d Ho (i + 2f AR^ ^\ , , 
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where £ = 1,2, .. The sign it corresponds to the sign in the spherical harmonic involved in 
the partial wave expansion. 
By the substitution 

«("/3) = (2.9) 



we render (|2.8| ) into the Schrodinger form: 



^'H , ii + 3/2)ii + 5/2) , (/-1)(15/ + 16) , 

VeS(£) = + + ^;jf2 + 

{H - l)[-f{l5H + 49) + fi±16{£ + 2)H + 30H + 2) + H-l] 



4^2 f2ff2 

2.3 Vector from the two-form 



(2.10) 



We now consider one free index of the two-form along and one free index in the remaining 
5 directions. For the tangential components of the vector, the radial wave equation is 

where £ = 1,2, .. 

By the substitution 

ai = (rV)'^/^, (2.12) 



we render (2.11) in the Schrodinger form with 



£ + 3/2)(£ + 5/2) (/-l)(3/ + 16) 

VeS[£) = -pT + + 4^V2 ■ ^ ' 



The radial and time-like components of the vector can be determined from each other by 



ao = -\u?- ^ ^/]a, (2.14) 

or luj r^H 



and 



I d , n,d (£+ l)(£ + 3) 



where £ = 1,2, .. 

( 2.14| ) and ( |2.15| ) can be decoupled. The wave equation for Or is 
f^dfdrf 2 (^+i)(^+3) . 

By the substitution 

ar = (rfr'/^Hi;, (2.17) 
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we render ( 2.16 ) into the Schrodinger form with 



,r , ^ + 3/2)(^ + 5/2) (/-l)(35/ + 16) 
VM = — + j^^ + ^^2^:2 ■ (2.18) 



The wave equation for oq is 



( f d r-^f d \ 

Wd^oj-^rm -{£ + !){£ + 3)fd^^ " 



By the substitution 



(2.19) can be rendered into the Schrodinger form. However, the corresponding potential is 



singular. Instead, we determine oq directly from via 

i^ar). (2.21) 



if d /rf 
tor or \ H 



2.4 Antisymmetric tensor from 4-form 

For two free indices of the 4-form along and two free indices in the remaining 5 directions, 
the coupled radial wave equations for the components of the antisymmetric tensor derived 
from the 4-form are 

ujrH 1 , , , 

hr = Tj^f 12, (2.22) 

^bo3 -iu;b3r = ±- ii + l)bi2 (2.23) 
or r 

and 

1:^12 = T^(^ + 2)6o3, (2.24) 



where £=1,2,.. Eliminating 693 and 63^ we get 

^r dr ^ dr~^ f 7-2 ) ' ( ^ 

By the substitution 



bi2 = {rfr^'^i^, (2.26) 



we render ( 2.25 ) into Schrodinger form with 



, (£ + 3/2)(£ + 5/2) , (/-1)(15/ + 16) 
= — jr + p + • (2-27) 
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2.5 Two-form from the antisymmetric tensor 

The equations for two-form perturbations polarized afong the D3-brane are coupled. For 
s-wave perturbations, they can be decoupled ||l^, 15|, and the radial wave equation is 

1 d .^^d uj^H 16R^ X , , , 



where i = 0,1, .. 

By the substitution 



<P = {r^fHyy^tl;, (2.29) 



we render (|2.28D into Schrodinger form with 

V (f) - + + 12{H-ir (/-1)(15/ + 16) 

2.6 General form of effective potential 

For an extremal D3-brane, the effective potentials for the dilaton-axion, vector from the 
two-form and the antisymmetric tensor from the 4-form all reduce to 

Thus, the above fields have identical absorption probabilities. The effective potentials for the 
scalar from the two-form and the two- form from the antisymmetric tensor include additional 



terms, which merely have the effect of changing the partial wave number by £ —> £ it 1 |16]. 

For a non-extremal D3-brane, the effective potentials for the dilaton-axion, vector from 
the two-form and the antisymmetric tensor from the 4-form are of the form 

u^'H , (^ + 3/2)(^ + 5/2) , (/-l)((a-l)(Q + l)/ + l6) 
Vesii) = — + + , (2.32) 

where a = for the dilaton-axion, a = 2 for the tangential components of the vector from 
the two-form, a = 4 for the antisymmetric tensor from the 4-form, and a = 6 for the radial 
component of the vector from the two-form. For the scalar from the two-form and the 
two-form from the antisymmetric tensor, the effective potential has additional terms that 
are proportional to the charge of the D3-brane. However, for a chargeless D3-brane, the 
scalar and two-form fields fit into the above scheme with a = 4. It is interesting to note the 
change of grouping of absorption probabilities between the cases of extremal and chargeless 
D3-branes. The effective potential for the time-component of the vector from the two-form 
does not appear to fit into this scheme, though certain potential terms may merely have 
the effect of changing the partial wave number. 
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We conjecture that a is a parameter that depends on the polarization of the angular 
momentum. Note that this parameter only plays a role in absorption away from extremality. 



3 Low-energy absorption probabilities for a near- extremal 
D3-brane 

3.1 Dilaton-axion, vector from two- form, and antisymmetric tensor from 
4-form 

We will solve the wave equations in the approximation that 

ro < < 1/cj. (3.1) 

We work in the limit in which the frequency is large compared to the temperature, which 
means that Tq < R'^uj. We render the wave function in a form that will be convenient for 
isolating the singularity at r = Tq: 

^ = (rV)+'/'<A. (3.2) 
Substituting into together with (|2^ ) yields 



{^Orfr^Or + - ^ + ^(1 -f))4> = 0. (3.3) 

Note that (j) = F'{r)(l), where F{r) is a nonsingular function of r for r > Tq. 

We will now use the same approximation and procedure as that by Siopsis in the case 



of a minimally-coupled scalar |17, 18|. We use three matching regions. In the outer region 
defined by r 3> R^lo, (|3.3|) becomes 



(r^a^ + 5rdr + w - £{£ + A)^4> = 0. (3.4) 

The solution is 

4>= ■^J{£+2){^r). (3.5) 

In the intermediate region defined by r — ^ and r <^ R, expressed in terms of the 
dimensionless quantity z = {r — ro)/ro, 

[^d,z'd, + ^-i{e + 4))cP = 0, (3.6) 

where 

wro i?^ 1/2 _ i?^^^ UJ 



and Tff = is the Hawking temperature. The corresponding wave function solution is 

^ = ;|2<2(y), (3.8) 

where we consider the purely incoming solution. Matching asympototic form of the inter- 
mediate solution (^]^) for large z with the asymptotic form of the outer solution ( |3.5D for 
small Lor yields the amplitude 



in ,LoR. 



For z <^ K, we expand the intermediate wave function solution ( |3.8D : 

^ ^ Hr!{!^^-3/2^4«Ari ^ ^(^ + 3/2)(^ + 5/2)z 



(3.9) 



'^/^(l + H^^^/^A^^o/^J^ ^ o(.-2)) . (3.10) 



The inner region is defined by r — Tq <C R'^uj. The inner and intermediate regions overlap, 
since <C R'^lo. There is a singularity in the wave function at r = Tq, which can be isolated 
by taking the wave function to be |17, 18| 

= f V- (3.11) 

Isolating this singularity in the wavefunction enables us to calculate the dominant term in 
the near-extremal absorption probability. For the inner region, we substitute (3.11) into 
( |3.3| ) and express the result in terms of the dimensionless parameter x = r/vo: 

x'^f{x)dlip + x[5 - (1 - SiK)x-^]d^^ + {lQK^h{x) - £(£ + 4) + ^(1 - /(x))) (/? = 0, (3.12) 
where 

f{x) = l-x-^ (3.13) 

and 

h(^\ = 

(1 -ha;2)x4 



M^) - n , 0W4 • (3-14) 



Since a; <C k, we shall expand the inner wave function solution in n' 



-1. 



if = ABe^''"(^)/?(x)(l + -7(x) + 0(k-2)). (3.15) 



We will solve for B such that 93(1) = -B, which implies that a(l) = 7(1) = and /3(1) = 1. 
We solve for the functions a,/3 and 7 by plugging ( 3.15[ ) into ( |3.12| ): 



I. , r , i + v/i + %)y4(^4_i) 

a(x = -4 / — . 3.16) 

Ji y{y - 1) 
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2 Ji y(y* - Ija +4 

We match the expressions for a, [3 and 7 in the large x limit with the asymptotic form of 
the intermediate solution ( p.lO| ) and solve for B: 

B = (4:^(1 - 'l±mi±my (3.19) 

The absorption probability is 

P = ^^Krt\A\^\B\^. (3.20) 
Plugging in the amplitudes A and i?, we find that 

pnear— extremal ^-j^ _j_ ^ 4(£ -|- 2) ^ ^2^ ^extremai 2]^^ 

where 

pextremal _ ^ .CJ-R.4£+8 /q 

((^ + l)!(£ + 2)!)2^ 2 ^ ■ 



Our result agrees with |17, 18 1 for the minimally-coupled scalar. As we have shown, for 
near-extremal D3-branes, the dilaton-axion, tangential and radial components of the vector 
from the two-form and the antisymmetric tensor from the 4-form have identical absorption 
probabilities, as in the extremal case. As can be seen, as k ^ oo, we recover the result 
previously obtained for an extremal D3-brane. 

3.2 Time-like component of vector from two-form 



Using (2.17),( 2.21| ) and ( |3.2[ ) we find the wave function for the longitudinal component of 



the vector from the two-form directly in terms of the radial component wave function: 

= ^dr(r^^). (3.23) 
ujr 

We can find the wave function solutions for in the three regions directly from the dilaton 
wave functions ( |3.5| ), ( |3.8[ ) and (3.15). We must be careful to expand to 0{k^^) in the 



dilaton wave functions in order for Uq to be of order 0{k ). Matching Qq in the three 



regions yields the same absorption probability as for the dilaton given by (3.21). Thus, for 
near-extremal D3-branes, the longitudinal component of the vector from the two-form and 
dilaton-axion have identical absorption probabilities, as in the extremal case. 
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3.3 Two-form from the antisymmetric tensor 

Substituting into (gj) together with (|23o| ) yields 



{^^djr%+u^f + 1(1 - /) - '^^^)^ = 0. (3.24) 

We require four regions for matching. Consider ri and r2 such that r2 <^ R <^ ri. The 
outer region is given by r > ri, where ujri ^ 1. In the outer region, the wave equation and 
solution are given by ( ^^ ) and ( |3.5D , respectively, with £ = 0. 

The outer intermediate region is given by ri > r > r2 and ujR'^ ^ r, so that we can 
ignore the term in the wave equation: 

{^9rr%-'-^^^^)4> = 0. (3.25) 

The corresponding wave function solution is 

^ = CH^/^ + DH-^/^. (3.26) 

Matching the outer and outer intermediate regions yields 

C + D = —. (3.27) 

8 

The inner intermediate region is defined by r — ^ Tq and r <^ R. Expressed in terms of 
the dimensionless quantity z = (r — ro)/ro, the wave equation in this region is 

1 „ ^„ 16^2 

-^dzZ^dz H ^ 

' z-^ z^ 

The corresponding wave function solution is 



{^d.z^'d, + ^ - Vl)4>. (3.28) 



= A-l^i?P(^), (3.29) 

where we take the purely incoming solution. Matching the wave function across the two 
intermediate regions yields 

^ = S(f)^ c=^. (3.30) 



For z <C K, we expand the inner intermediate wave function solution ( 3.29| ): 



i = <zii:l!i.-3/^e«"/'(l + !<MW2)i + o(.-)). (3.31) 



For the inner region, we substitute ( ^THj ) into and express the result in terms of the 

dimensionless parameter x: 

x^f{x)dl^ + x[5 - (1 - 8ifi;)x-^]a^v9 + {lQK^h{x) + 4(1 - /(x)) -12)^ = 0. (3.32) 



where f{x) and h{x) are given by ( p.l3 ) and ( 3.14 ), respectively. 



Following the case for the dilaton, we plug the ansatz for the inner wave function solution, 
given by ( p. 15 ), into ( 3.32| ) and solve for the amplitude B by matching the inner solution 



with the inner intermediate solution. The result is that 



B.t^a-':SIf&). (3.33) 



Plugging amplitudes A and B into (3.20), we find that the absorption probability is 

pnear— extremal ( 1 -|- ( pextremal 

V 32k ^ ' 

where p^^^ifremai same as that given for the dilaton in ( |3.22| ) with £ ^ i + 1. As 

with previous cases, as k ^ oo, we recover the result previously obtained for an extremal 
D3-brane. We have shown that, for near-extremal D3-branes, the two-form from the anti- 
symmetric tensor does not have the same absorption probability as the dilaton-axion with 
£ ^ £ + 1, while it does in the extremal case. 

3.4 Scalar from two-form 



Substituting (gj) into (gj) together with (|2j) yields 



{H - l)[-f{l5H + 49) + /(±16(£ + 2)H + 30H + 2) + H-l] 



0. 



We require four regions for matching, as defined in the previous section for the two-form. In 
the outer region, the wave equation and solution are given by ( |3.4D and (|3.5| ), respectively. 
In the outer intermediate region, we may ignore the lo"^ term in the wave equation: 

£{£ + A) {H -1)[4{1±{£ + 2))H -12]^ 



The corresponding wave function solution is 



0. (3.36) 



+ Z),T(m)-2(i + ^^±1^^). (3.37) 



Matching the outer and outer intermediate regions yields 

{£ + 2)^2 



C= ^ ('^Y+\ D = 0, (3.38) 



for the positive sign and 

" " (^ + 2)!'2 
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D = —^—{'^Y+\ C = 0, (3.39) 



for the negative sign. 

Expressed in terms of the dimensionless quantity z = (r — ro)/ro, the wave equation in 
the inner intermediate region is 

i^d.z'd, + —^-i{e + 4)T 4{i + 2) - 4)cp. (3.40) 

The corresponding wave function solution is 

where we take the purely incoming solution. 

Matching the wave function across the two intermediate regions yields 

" (ZT2±T)!(7TT±T)!^~^ ■ ^ ^ ^ 

For z <C K, we expand the inner intermediate wave function solution ( 3.41| ): 



^ ^ (-i)'t^^^-3/.,«./.(i + i« + 3/2±2)« + 5/2±2)- ^ 



(3.43) 



For the inner region, we substitute ( 3.11| ) into (3.36) and express the result in terms of the 
dimensionless parameter x: 



xy{x)d;ip + x[5 - (1 - 8iK)x'^]da,(p + [l6K^h{x) + (3.44) 
4(1 - fix)) - e{i + 4) T A{i + 2) + -fix) ---j^)^ = 0. 

where f{x) and h{x) are given by ( [3.13 ) and ( 3.14 ), respectively. 

Following the case for the dilaton, we plug the ansatz for the inner wave function solution, 
given by ( ^.15 ), into ( 3.45| ) and solve for the amplitude B by matching the inner solution 
with the inner intermediate solution. The result is that 

r2y2^ ^ 8k ' ^ ^ 

Plugging amplitudes A and B into ( |3.20D , we find that the absorption probability is 

pnear- extremal _ ^-|^ _|_ ^ + ^/^ ^2){i + 5/2 ifc 2) ^2^^ pextremal 

where P^^<^^^^<^1 is the same as that given for the dilaton in (|3^ ) with £ ^ ^ ± 1. As 
with previous cases, as k — > oo, we recover the result previously obtained for an extremal 
D3-brane. 

We have shown that, for near-extremal D3-branes, the scalar from the two- form does 
not have the same absorption probability as the dilaton-axion with i ^ £±1, while it does 
in the extremal case. 
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4 Discussion 



We have obtained a simple relation between the extremal and near-extremal absorption 
probabilities of a D3-brane: 

pneai — extremal f 1 -|- (~~ pextremal -j^^ 

where v = (. + 2 for the dilaton-axion, the vector from the two-form and the antisymmetric 
tensor from the 4- form, v = A for the two- form from the antisymmetric tensor, and v = l + A 
for the scalar from the two-form. Note that ( |4.1| ) has the same form as that of various fields 
scattered by a four-dimensional = 4 supergravity equal-charge black hole | p!9[ . 

As we would expect, a perturbation from extremality increases the absorption prob- 
ability. At near-extremality, the absorption probability of the dilaton-axion, vector from 
the two-form and antisymmetric tensor from the 4-form are identical, just as they are at 
extremality [^] . At extremality, the absorption probability of the scalar from the two- form 
and the two-form from the antisymmetric tensor are simply related to that of the dilaton- 
axion by a change in the partial wave number £ — > £ib 1. For near-extremality, this relation 
breaks down, and the scalar and two-form fields are absorbed more than if this were the 
case. 

We have found numerically that, further away from extremality, the dilaton-axion, vector 
from the two-form and antisymmetric tensor from the 4-form no longer share the same 



absorption probability [20|. As can be seen from the effective potential ( 2.32 ), this is due 
to a parameter a which we conjecture depends on the angular momentum polarization, 
a = for the dilaton-axion, a = 2 for the tangential components of the vector from the 
two-form, a = 4 for the antisymmetric tensor from the 4-form, and a = 6 for the radial 
component of the vector from the two-form. There are additional potential terms for the 
scalar from the two-form and the two-form from the antisymmetric tensor. However, these 
terms vanish for a chargeless D3-brane, enabling the scalar and two-form fields to fit into the 
above scheme with a = 4. It is rather curious how the grouping of absorption probabilities 
changes between the cases of extremal and chargeless D3-branes. At first look, it appears 
that the time-component of the vector from the two-form does not fit into this scheme, 
though certain potential terms may merely be equivalent to a change in the partial wave 
number. We conjecture that the parameter a, which only plays a role away from extremality, 
depends on the polarization of the angular momentum. 
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The absorption probability can be expressed in terms of Gamma functions: 

Stt^k \T{u/2 + 1/4 + 2iK)T{iy/2 + 3/4 + 2m)p c^r 2^ 
(z.!(z.-l)!)' |r(l + 4m)|2 ^ 2 ^ ' ^^-'^ 

so long as one keeps in mind that the formula holds only to order k~'^. For u = i + 2, this 
absorption probability is the same as that derived in |l^] for a minimally-coupled scalar. 



Siopsis expressed the absorption probability in the form (4.2) in order to interpret factors 
in terms of left and right-moving temperatures Tl and Tr. In particular, the general form 
of a black hole grey-body factor is 



Thus, by comparing ( [4.2| ) with (|4.3| ), we are led to the conclusion that both left and right- 
moving modes contribute to the absorption probability at temperatures 

Tl = Tr = Th (4.4) 
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